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BY 
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(Communicated by Prof. H. FREUDENTEU at the meeting of October 28, 1972) 
In [l], &tARJANOvIC! obtained a result on topological isometries (i.e. 
isometries in a topologically equivalent metric). He proved that if f is a 
homeomorphism of a separable, locally compact, metrizable space onto 
itself, then f is a topological isometry iff the family 9= {f” : i E I> from 
X into X* =X u {CQ) (the one-point compactification of X) is evenly 
continuous. In this paper, we generalize this result fist to the case when 
X is a metric space with a totally-bounded metric and .F a semigroup 
with identity of continuous mappings from X into itself. This result is 
further generalized to the case when X is a metric space which has a 
metric compactification. When 9 is a family of homeomorphisms of X 
onto itself, then subject to certain conditions, 9 becomes a family of 
isometries under a suitable remetrization. We show that MarjanovCs 
result can be obtained as a consequence of the above result. 
1. Let (X, d) be a metric space and 9 a family of mappings from X 
into itself. The family 9 is called nonexpansive (isometric or a family of 
hornet&es) if each f E 9 is nonexpansive (an isometry). 
Let F be a family of continuous mappings of a topological space X 
to a topological space Y. The concept that .F is evenly continuous is given 
in [2] (p. 235). The family 9 is said to be g-evenly continuous for g E 9 
iff for every x, y E X, and each neighbourhood U of y, there is a neighbour- 
hood I’ of x and a neighbourhood W of y such that for every f E 9, 
fg(x) E W implies that fg( V) 2 U. 
1.1. Main Results 
Theorem 1. Let X be a metrizable space with a totally-bounded 
metric do, and $: X + X a semigroup (with identity) of continuous 
mappings. The following conditions are equivalent : 
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(i) .F considered as mappings from X into X (the metric completion 
of (X, do)) is evenly continuous; 
(ii) for some topologically equivalent metric d with c&r, y) >&(z, y) 
for all x, y E X, F is a family of nonexpansive mappings in d. 
Theorem 1’. Let (X, da) be a metric space with a metric compact- 
ification (X, (T) where (~(2, y) > d&r, y) for all x, y E X. Suppose .F: X -+ X 
is a semigroup (with identity) of continuous mappings. The following 
conditions are equivalent. 
(i) 9 is evenly continuous from X into X:; 
(ii) for some topologically equivalent metric d with d(x, y) > o(z, y) 
for all x, y E X, 3 is a family of nonexpansive mappings in d. 
1.2. We shall only give the proof of Theorem 1’ since the metric 
completion (X, do) of (X, d ) 0 in Theorem 1 is clearly a metric compact- 
ification and the metric of X restricted to X is identical with the original 
metric in X. 
Proof of Theorem 1’. (i) =+ (ii). 
Define % Y) = SUP (M4, f(~,)l : f E 9). 
It is clear that d is a metric on X and that each f E .F is nonexpansive 
in d. Since 9 contains the identity mapping, d(x, y) >o(x, y)ado(x, y) 
for all x, y E X. Hence x11 -% x0 implies that xn -k x0. To show that d is 
topologically equivalent to a$ it remains to show that xn 2 xs implies 
that xn -% x0. 
Assume the contrary and let (xn) be a sequence such that Xn % xs but 
xn 4 x0 (i.e. {zA} does not converge to xo in the metric d). Then there is 
a subsequence {zni} with d(xBi, x0) > E for some E> 0, i.e. sup {a[/(~~,), 
f(xs)] : f E P>> E. Hence, there is a sequence of (not necessarily distinct) 
members fn, E 9, i = 1, 2, . . ., such that 
(1) a[fni(xnc), fn,(xo)l > 8, for each i. 
As (x, u) is compact, a subsequence of {TQ> which we denote by @I} 
exists such that fnj(xo) 5 y/o where yo E x. 
We proceed to show that 9 fails to be evenly continuous: 
Let U = {x: x E x, ~(2, ya) < 42). For each neighbourhood B of x0 and 
each neighbourhood W of yo (with W C U), since fni(xo) -% yo and xn -% xo, 
there is an integer K such that for j>R, we have both fnt(xo) E W _C U 
and xnj E V. However, (1) implies that fni(xn,) 6 U for j>K, so that 9 
fails to be evenly continuous. 
This contradiction shows that d is topologically equivalent to do. 
Consequently, we have (i) + (ii). 
(ii) =+ (i). 
20 
Since there exists a topologically equivalent metric d with d(x, y) > 0(x, y) 
for all Z, y E X such that 9 is nonexpansive in d, F is evenly continuous 
from (X, d) into itself (see [2], p. 237). Hence, it is evenly continuous 
from (X, do) into (X, a). 
Assume that .F is not evenly continuous from (X, do) into (X, G). Then, 
for some x E X, 2 E X-X and some open neighbourhood U of 2, there 
exist two sequences of open balls Vn= {y E X: do@, x) < l/n} and Wn = 
={y~x: a(y, -) I/ > h 2 < n , w ere 7~ E II!, and fll E 9 for which f&r) E W, but 
fn(Vn) $ u* 
Let xA E Vn be such that fn(xm) $ U. We have clearly: 
(2) 
do xn+- 2 which implies that x,-% Z, 
and 
(3) f%(x) 5 f (since f&7) E W,). 
Since X- U is compact, the sequence {fla(sn)} has a subsequence 
{f&Q} such that 
(4) fn4(xn,) -G 2 E if- u. 
However, since 0(x, y) < d(x, y) for all x, y E X, and each f E 9 is non- 
expansive in d, we obtain 
4fn@nJ, fn&)l < 4fn,@nJ, f&41 <G+ 4. 
Together with the indequality 
42, fn&)l< 4% ff&nJl + ~s&?a‘)> f?&)l 
and results (2) and (4), we have fn,(x) 2 x, a contradiction to (3). 
1.3. Corollaries to Theorem 1’ 
Corollary 1. Let (X, do) be a metrizable space that has a metric 
compactikation (2, (T) with (T(x, y) >&(z, y) for all 2, y E X. Suppose 
9: X + X is a group of homeomorphisms. The following conditions are 
equivalent : 
(i) F is evenly continuous from X into X ; 
(ii) for some topologically equivalent metric d with d(z, y) >a(~, y) 
for all x, y E X, 9 is a family of isometries in d. 
Proof. This follows immediately from the main theorem. 
Corollary 2 (cf. Theorem 1.1 [l]). Let f be a homeomorphism of a 
separable, locally compact, metrizable topological space X onto itself. 
Then f is an isometry in some topologically equivalent metric d iff the 
family F= {fe : i E I} of X into X* = X u {oo> (the one-point compact- 
ification of X) is evenly continuous. 
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Proof. Since the one-point compactification of a separable, locally 
compact metrizable space is metrizable, X* is a compact metric space. 
Suppose ZF is evenly continuous from X into X*. By Corollary 1, 9 is 
a family of isometries in some topologically equivalent metric d. 
Conversely, if f is an isometry in some topologicdly equivalent metric cl, 
so is each ft where i E I. By using the same approach as in the proof of 
(ii) => (i) in Theorem l’, we can show that 9 is evenly continuous from 
X into X*. 
1.4. Theorem 1 can be partially generalized in another direction, 
namely to the case when 5 is g-evenly continuous for some g E 9. 
Theorem 2. Let X be a metric space with a totally-bounded metric do. 
Suppose F: X + X is a semigroup of homeomorphisms of X into itself 
such that 9: X + X (the metric completion of (X, do)) is g-evenly con- 
tinuous for some g E 9 where g commutes with every member of F. 
Then there exists a topologically equivalent metric d such that all members 
of 9 are nonexpansive in d. 
Proof. Without loss of generality, we may assume that the identity 
mapping is in 9. 
Let &(z, y) = sup {&[fg(x), fg(y)]: f E S> for every x, y E X. It can be 
easily shown that d satisfies all the properties of a metric. Using the 
commutativity of g with each member of .F, it follows that 9 is a family 
of nonexpansive mappings in a. 
It remains to show that d and do are topologically equivalent. Let 
z,, A XO. Since d(x,, z~)>&,[fg(z~), fg(zo)] for every f E 9, and fg is a 
homeomorphism, we have zA -% ~0. 
Conversely, using a similar argument as in the proof of (i) + (ii) in 
Theorem l’, it can be shown that xn 2 x0 implies that xn 5x0. 
We end this paper with a partial converse of Theorem 2. 
Proposition. Let X be a metric space with a totally-bounded 
metric do and 9 be a semigroup of homeomorphisms of X into itself. 
Suppose there exists a topologically equivalent metric d and a uniformly 
continuous mapping g E 9 with g commuting with every f E 9 such that 
(i) a@, y) ~&[g(x), g(y)1 for every 5, Y E X and 
(ii) every f E 9 is nonexpansive in a. 
Then 9: X --f X (the metric completion of (X, do)) is evenly continuous. 
Proof. We may denote the metric in X also by do. Assume that 9 
fails to be evenly continuous from (X, do) into (2, do). Then by the same 
argument as in the proof of (ii) =F (i) in Theorem l’, for some x E X, 
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53 E X-X, and some open neighbourhood U of Z, there exists a sequence 
{xn} in X such that 
(1) f&n) 4 u, 
(2) 
d0 
za -+ 2 which implies x,, 5 5, 
and 
(3) fm(x) 2 2. 
Since X- U is compact, {fn(xn)} has a subsequence {f&+)} such that 
{f,(xaJ} 2 z 6 U. As g is uniformly continuous on (X, do), it can be 
continuously extended over (1, de). We may denote this extension also 
by g. Hence, 
(4) gfn&%) 2 g(z) # g(U). 
On the other hand, by properties (i), (ii), and the fact that g commutes 
with every f E 9, we have 
&[fn,g(x), fTa,g(xnJW[f?Q(x)> f~(x~i)l G&x> x”i). 
Hence, 
(5) dO[fnig(x), fnig(Xn4)l + 0 as i -+ 00. 
By (4) and (5) and the inequality 
do[g(z), gfn&)l <dolY!m sf?&hJl +agfn,(x?& gf&a 
we have gfn4(x) -k g(x) #g(U). 
However, (3) implies that gf,&) -% g(Z) E g(U), which is a contradiction. 
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